In this paper we consider the thermoelastic plate equation with localized thermal dissipation of memory type, proposed by Gurtin and Pipkin [3] . We will show that the solution of the corresponding model decays exponentially as time goes to infinity, provided the relaxation function decays exponentially. The mean difference with others thermoelastic system is that the whole system is of hyperbolic type, and the dissipation is weaker (indefinite) than such given by the Fourier Law for the heat transmission.
Introduction
In classical linear theory of thermoelasticity the Fourier's law is used to describe the heat conduction of the body. Therefore, the corresponding thermoelastic system consist on an hyperbolic equation for the displacemente field acoupled with a parabolic equation for the heat equation.
This theory has two shortcomings: First, it is unable to take into account the memory effect which may prevail in some materials, particularly at low temperatures. Second, the corresponding parabolic part of the system predicts an unrealistic result, the thermal disturbance at one point of the body is instantly felt everywhere in the body. To attend this problems Gurtin and Pipkin [3] introduce a new constitutive law for the heat flux. This constitutive law depends on the heat memory and as a first consequence the parabolicity of the system is removed. Therefore the thermoelastic system is fully hyperbolic. So we have finite speed of propagation (see [7] ).
In this paper we study the transmission problem for a partial thermoelastic plate. That is, we consider a plate composed by two components: One of them is a thermoelastic part and the other an elastic part insensible to changes of temperature. This in particular means that the thermal constant are discontinuous on the plate. Positive over the thermoelastic region and zero over the elastic part. So, the corresponding plate system has discontinuous coefficients.
More precissally, let us denote by Ω an open bounded set of R 2 with smooth boundary ∂Ω = Γ 1 ∪ Γ 2 . We assume that over the region Ω 1 the plate is sensitive to the change of temperature, while in the complementary part Ω 2 = Ω\Ω 1 , the plate is indifferent to changes of temperature. Let us denote by Γ 0 the interphace, that is a curve between Ω 1 and Ω 2 , a typical example of Ω is given by the next picture, n n n
Let us denote by u and v the transverse oscillation over Ω 1 and Ω 2 , respectively and by θ the difference of temperature, the transmission problem for the thermoelastic plate equation is written as
with the following boundary conditions
and the transmission conditions over Γ 0
Finally, we prescrive the initial conditions
The constants ρ 0 , ρ 1 , ρ 2 , β 0 , β 1 , β 2 , γ 1 , γ 2 , µ are all of them positive. We denote by k ∈ C 1 (0, ∞) the relaxation function and by * the convolution product given by
To be precise in our formulation, let us first introduce the following definition.
We say that k is a positive definite function when
We say that k is strongly positive definite function when there exists δ > 0 such that k(t) − δe −t is positive definite.
One important characterization of positive definite function is given in the following theorem, which is proved in [12] .
, then k is a positive definite function if and only if 
The hypotheses we use to show the existence result and the exponential decay are the following
H1
k ∈ C 2 is a strongly positive definite function, satisfying k(0) ≥ 0 H2 k decays to zero exponentially.
Remark 1.2
Hypotheses H2 we will use only in the exponential decay. For the existence it is not necessary.
One important point is that the dissipation produced for the Gurtin and Pipkin's law is of indefinite type. That is, the derivative of the energy function can change its signal. In fact, the total energy associated with system (1.1)-(1.10) is given by
Using the system we can easily verify that
Note that the right hand side of the above equation, does not have a definite sign. This is because the fact that k be a positive definite function, does not imply that the right hand side of equation (1.12) is positive. In fact, Let us consider the functions
We have that k satisfies
then k is strongly definite positive (see Remark 1.2). On the other hand we have that
using the fact that k is positive we conclude that E(t) is bounded by E(0). Therefore, system (1.1)-(1.10) is not of dissipative type. Note also that the thermal effect, which produce the indefinite dissipation is active only in one equation. So, we may ask whether the energy associated to system decays or not to zero uniformly as time goes to infinity.
Concerning the literature relative to our problem, we have the work of Fabrizio-LazzariRivera [1] , that proves the exponential stability for a thermoelastic plate, when the temperature is active over the whole plate configurated over Ω, (Ω 2 = ∅). Here we follow similar ideias but we have to deal also with estimates over the interphase of the plate which in general produce several problems. In Fatori-Muñoz Rivera [7] , the authors consider also the one dimensional thermoelastic system with Gurtin and Pipkin's law for the temperature, also working over the whole domain. In that conditions the authors also proved that the corresponding solution decays exponentially, provided the relaxation function is strongly positive and decays exponentially to zero. Finally, in Fatori-Muñoz Rivera-Lueders [2] the authors consider the transmission problem to the one dimensional thermoelastic system with Gurtin and Pipkin's law active only in a part of the body and proved that the solution decays exponentially, provided the relaxation function is strongly positive definite and decays exponentially to zero. Finally, in [9] the authors consider the transmission problem for the thermoelastic plate equation with the Fourier law. It is proved that the corresponding solution decays exponentially to zero as time goes to infinity, no matter how small is the thermoelastic part (the dissipative part) of the plate.
The main result of this paper is to prove that the partial thermoelastic plate system decays exponentially to zero, no matter the side of the thermoelastic component of the plate Ω 1 , which produce the thermal dissipation over the plate. The main difference concerning the result in [2] is because of the interphase conditions. For plates such interphase conditions are more complicated than such for one dimensional models, so it is necessary to take more care to estimate terms over the interphase of the body configurated over Ω. Concerning the work [9] , the system is of hyperbolic-parabolic type because of the Fourier law. This fact, produce a strong dissipation that give an important help to arrive to the exponential decay. In our case, the system, is not dissipative and has not a parabolic part. Therefore to estimate terms in which appears the difference of temperatura is more complicated and demand some techniques of control theory.
The method we use to prove the main result is based on observabilities inequatilies for transmission problems. We also introduce new multipliers which combining with Volterra's method to solve integral equations produce crux estimates to achieve the exponential estability.
The rest of the paper is organized as follows. In section 2 we introduce some notations and establish some results which will be usefull to show the existence of solutions as well as the exponential decay. In section 3 we establish the existence and regularity of solutions. Finally, in section 4 we show the exponential decay.
Notations and Preliminaries
Let us introduce, the following functional space
Lemma 2.1 The space H 1 with the inner product
is a Hilbert space.
Lemma 2.2
The space H 2 with the inner product
We finish this section establishing the following Lemma whose prove can be found in [14] Lemma 2.3 Let us suppose that k ∈ L 1 (R + ) is a strongly positive definite kernel satisfying
for any y ∈ L 1 loc (R + ), where K = |k| 2 1 + 4|k | 2 1 and β 0 > 0 is such that the function k(t) − β 
Existence and uniqueness of solutions
Here we establish the existence and regularity of weak solutions of (1.1)-(1.10). To this end we assume that the hypotheses H1 holds. Our starting point is to define what we undertand for weak solution. 
and satisfies the following identities
Using Galerking method, and standard estimates we can show the following theorem. 
(Ω 1 ) with:
then, there exist a unique solution for (1.1)-(1.10), satisfying:
Remark 3.1 To show the existence of weak solution we only need that the strongly positive function k be in C 0 , and k(0) > 0. Instead, to get the regularity result we need hypotheses H1.
Exponential decay
In this section we will assume that the domain Ω has the following geometric property: There exists x 0 ∈ R 2 such that the function m(x) = x − x 0 satisfies:
To show that the solution decays exponentially to zero as time goes to infinity. we introduce the following functions U (x, t) = u(x, t)e ηt , Θ(x, t) = θ(x, t)e ηt , and V (x, t) = v(x, t)e ηt , Therefore, to prove the exponential decay, we only have to prove that the above functions are uniformly bounded with respect to the time for η small enought. To do this, let us differentiating with respect to the time to get
From the above identities and using equations (1.1)-(1.10), we see that the functions (U, Θ, V ) satisfies the following system
with the following boundary conditions:
Finally, the couple (U, V ) must verify the following transmission conditions:
in Γ 0 × R + ; and initial conditions:
where P, Q and R are given by:
Let us introduce the energy function E(t) associated with the above equations,
To show the exponential decay of E(t) it is enough to show that E(t) is uniformly bounded for any t > 0. To this end, we start with the following Lemma.
Lemma 4.1 Let us suppose that the initial data satisfy
Then, there exist positive constant c and β 0 satisfying
Proof: Multiplying equation (4.16) by U t , (4.17) by Θ and (4.18) by V t and summing up the product result our conclusion follows.
Theorem 4.1 Let us take
then the solution of system (1.1)-(1.10) decays exponentially to zero as time goes to infinity.
That is, there exist positive constans C > 0, λ > 0, such that
Proof: Let us denote by KU = m · ∇U − 1 2 U, multiplying equation (4.16) by KU , equation (4.18) by KV , applying hypotheses (4.27) and using integration by parts we get
where
The main problem in the above inequality is with the term µ Ω 1 ∇Θ · ∇(m · ∇U )dx, which is not possible to estimate in terms of the first order energy E(t). For this reason we have to construct a funcional, whose derivative has such term in order to eliminate it. The functional we consider to do this task is the following,
That is to say, let us multiply equation ( 
∇Θ · ∇(m · ∇U )dx + c 2 Ω 1 |k * ∇Θ| 2 + ηc 3 E(t).
Where we have used that
To simplifly notations, let us introduce the functional G(t) = I(t) + From the above inequality, we see that our next problem, is to estimate the boundary terms J 1 and J 2 . To do this, we apply an observability technique which consist in to use some multipliers at the boundary, such as h = (h 1 , h 2 ) ∈ [C 2 (Ω)] n defined by
where B δ (Ω 2 ) = {x ∈ Ω, dist(x, Ω 2 ) ≤ δ} .
Let us introduce the functional
From where our conclusions follows.
Remark 4.1 : As a final remark, we obtain from (4.29) the regularity result
which can not be obtained as a consequence of the regularity result of the solution.
